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Fig. 3 Time of migration of bubble.

moving with the velocity U through a nonviscous liquid is
given by potential theory as

v = 3U sinf ~ 3U6 )

With this, the speed of migration of the bubble under the
action of centrifugal force and under the lack of gravity is ob-
tained by comparison of Eqgs. (5) and (7) to be (6§ = )

U = 20(r,R)" @®)

It may be seen from this that the speed of migration of a large
bubble is proportional to the speed of rotation £ and propor-
tional to the square root of the distance of the stagnation
point of the bubble from the axis of rotation. We conclude
furthermore that it is proportional to the square root of the
radius of curvature of the bubble, indicating that larger bub-
bles migrate faster (Fig. 2). For a small distance of the bub-
ble from the axis of rotation its speed of migration is slow.

To determine the time of migration involved in the motion
of a bubble, the following equation has to be integrated:

dr./dt = —3Q(Rr,)12 (9)

Assuming that the rotational speed @ is kept constant and
that the radius of curvature remains constant throughout the
motion of migration, Eq. (9) yields

re = a — 3Q(Ra)'2-t + (Q2/9)Ri? (10)

where the distance of the stagnation point of the bubble
from the rotational axis at the time ¢ = 0 is considered to be
7:(0) = a. The time of migration from « to a location of the
stagnation point of the bubble 7, is then

t = [3/QR)"]{(@)V2 — (r;)*2] (11)

It may be seen that the time elapsing for a bubble moving
from r, = a to the axis of rotation r, = 0 is given by

t = 3(a)V¥/QR)V? (12)

which expresses (Fig. 3) that it is indirectly proportional to the
rotational speed, proportional to the square root of the dis-
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tance of the stagnation point of the bubble from the axis of
rotation and indirectly proportional to the square root of the
radius of curvature of the bubble. The larger the rotational
speed, the earlier the bubble will reach the axis of rotation.
A bubble of large radius of curvature shall reach the axis of
rotation earlier than a bubble of small radius of curvature.

Electron Number Density at Shock
Front due to Precursor Photoionization
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OBBINS has presented the theory of shock precursors as
applied to shock tube experiments in Ref. 1. He as-
sumed black-body emission in the primary continuum from
equilibrium region behind the shock which is likely to be
violated as the initial pressure is lowered. We worked out
this case in Ref. 2 and present here the main developments.

A review of the literature on shock precursor ionization is
given by Pirri and Clarke.* Weymann,* Holmes and Wey-
mann’® presented experimental evidence for electron diffusion
and photoionization as causing the observed precursors in
shock tubes. They found that in any case photoionization
dominates the near precursor.

The profile of electron number density ahead of the shock
due to photoionization of atoms in ground state is described
by

d(nau)/dE = —n.bhs ¢))
with the rate coefficient Qi3 given by
Qi = 4w j: :D ¢13J v (2)

The notation is the same as in Ref. 6. The bound-free ab-
sorption coefficient a, decreases with frequency and can be
represented by

a, = P/u», a, = Yushy (3)

hv, is the ionization potential. In Eq. (3), P and n are con-
stants which depend on the particular atomic gas eonsidered.
We show later that the electron number density at the shock
front due to photoionization is independent of both P and n.
J, is the average spectral intensity given by

J, = (117?) ST, dw “)

The intensity at any ‘point A on the axis (Fig. 1) is
I(£0) = B,[]1 — exp(—K,®L sech)] X
exp(—K, V¢ sech) (5)

where B, is the Planck’s function at the downstream equilib-
rium T We have assumed LTE in the shock-heated gas and

u = V/Vly
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Fig.1 Shock tube geometry.
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included the ionizational relaxation region in the length L of
the hot gas. For low Mach numbers, the relaxation region
can be very large” and Eq. (5) for emergent intensity can be in
error and must be used with caution. Superseripts (1) and (2)
on the absorption coefficients K, = n.a, indicate that K, is
evaluated at upstream and downstream conditions respec-
tively. For high densities behind the shock, K,® is large and
one can approximate the shock-front emission in the primary
continuum as that of a black body but use of Eq. (5) gives
deviations from black-body when the density is not large
enough. This formulation is based on LTE assumption which
will not be true for very low densities. Within these limita-
tions we can proceed further and obtain for the average in-
tensity from Eqgs. (4) and (5)

J, = §B,F(r,) (6)
where

F(r,) = Exr,) — BEo(1,'®) 4+ 1,) —
1 1
Zz Ey(v,75) + Z E2[(7-v(L) + Ty)Zl] +

= dZ .®7Z ;
. ﬁexp[— @ — D + NT,,Z] )
with
T = K, N =n,2/n, 0 — 1, Z = sech,
D = K,®L  7,® = K,®R

It can be seen that F(r,) reduces to Es(r,) for a plane shock
wave of infinite extent by letting 7,%), 7,® and Z; - .
Using Eq. (6), @13 can be written as

47I'PV1

Qi = [ WP en(—Swds @®

with 8 = hv/KT.. Now we use Eq. (8) to substitute for Qs
in Eq. (1) and get the electron concentration as

_4::; f" f —nF( )exp( Spdu  (9)

where n = n, VPt We treated n,V and u as constants in
writing Eq. (9) which is justifiable.® Interchanging the order
of integration in Eq. (9), we get

me= 200 [ 2 exp(- Su)G< ) . (10

uc?

where

G(Ml) - E (f) - Es[(mm N ﬂl)] N
Es [(,72@) + n)%:l [(n N m(mz)m] _

(i) zzd_Z eXpI:_m(R) .l; (Z2 — N2 4 %1.317] +

1., B,
(3 57) (") v

In Eq. (11), {2 = cosecly, B = n,PPL, 9,® = n, PR
and 5:® = n,VPR. The derivation of Eq. (11) is given in
Ref. 2.

We will now try to check the order of magnitudes of »’s
appearing in Eq. (11). For argon at room temperature, we
find n,® = 3.2 X 10%p® /cm?3 where p® is mm Hg. Experi-
mental results give P = 34 X 1078 c¢m? for argon. The
ratio of the number densities atoms before and after the shock
i8n.® /1,0 = (1 — a)p®/pM. For purpose of estimation,
we assume n,® = 5n, and obtain n,@P = 5.45p®. For
L = 10cm, and B = 2 cm, we get 72 = 54.5pD and 7,® =
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10.9p. From these values, it is clearly seen that for initial
pressures of p® > 1 Torr, we can drop out terms containing
72D and 7,® because of the exponential decay of the ex-
ponential integral function E; For p® = 0.1 mm Hg, we
find 7,0 = 5.45 and 7,® = 1.09 and this is the pressure
range for retaining 7,®. For p® = 0.01 mm Hg, corre-
sponding to a pressure of the order of 1075 atmosphere, both
the terms 7%’ and 7:® have to be retained.

For present day experiments with p® > 1 mm Hg, one can
approximate Eq. (11) as

G(n/u™) = Es(n/p™) — Es[(n? 4+ m®2)V2/yn] 4
W/NEDE(m®eo/p) (12)

The magnitude of 7,® is now estimated. 7® = n, VPR =
1.09p™R for argon. Thus if p@ R is greater than 5 Torr-cm,
one can drop out terms containing 7,® in Eq. (12) since the
present theory of ground state photoionization is valid only
close to the shock front or more precisely for optical thickness
nsWPE less than about 5. For p®WR > 5 Torr-cm for argon,
G(n/u») tends to E3(n/u) indicating that the shock behaves
like an infinite one even in shock tube as far as its behaviour
in primary continuum is concerned. The same conclusions
can be expected to be valid for resonance radiation also.
However the subordinate continuum is usually optically thin
and the shock front does not behave as an infinite one in this
frequency range. For helium, P =~ 7 X 10~ ¢m? and at
room temperature n,® =~ 3.2 X 107p® giving ,® == 2,25
p®R. So it is enough if p@R > 2 for the shock to behave as
an infinite one in helium in the primary continuum.

For values of pVR lower than those indicated, one must use
Eq. (12) for G(y/u») in Eq. (10). Then we find that integrals
of the form

[ won-sm (£) a (13)
"

have to be handled with @ denoting a function of » inde-
pendent of u. It may be noted that as u increases, 8/u» de-
creases and we need an accurate representation of E;(t) in the
range 0-8 where t = 3/u». The usual practice is to approxi-
mate it by an exponential function and then use the method of
steepest descent. However, a simpler thing to do in view of
the form of the integrand is to express E3(8/u") in power se-
ries accurate enough over the range 0—38. We expect 3 to be
less than 5 in the range of validity of this theory. Thus we
express '

Ey(t) = fj ajti (14)
i=0

where the m constants a; can be found to the desired accuracy
by curve fitting. Using Eq. (14), we get from Eq. (10) and
Eq. (12)

47y, ®

uc? |N§'2
l:ﬂ — (n* + m®2)i 4 (—11\7 §'22>(711(R)§'2)j:|l (15)

Here H = (1/8)(1 4+ 2/8 + 2/8%) exp(—S8) and we assumed
that n is an integer and nj > 2. If » is not integral, it is not
always possible to write a closed form expression. Eq. (15)
describes the decay of electron number density in the precur-
sor region.

For a plane infinite shock wave, one has only the first term
on the right side of Eq. (12) and we obtain

Ne = 4:V1 [ oH + Z a;n? Em 2(‘8)] (16)

i=1

+ ZaEﬂJ 2<S) X

Ne =

The number density at the shock front itself denoted by 7.
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can be obtained exactly from Egs. (10) and (12) by setting
7 = 0 or from Eq. (16) with ay = } since F3(0) = 4. The re-
sult is ‘

na = 2mrt/uc?)(1/8)(1 + 2/8 + 2/8%) exp(—8) (17)

Tiep 18 seen to be independent of the values of atomie constants
P and n and depends only on the frequency », at the edge of
the primary continuum. This result is physically obvious for
the steady, infinite shock case since all of the photons for
v > »; are absorbed, independent of the magnitude or form of
the spectral absorption coefficient. The exact values of P and
n are required only for the subsequent decay of the electron
number density. This prediction that the electron number
density at shock front due to photoionization being dependent
only on »; can be checked if measurements are made on dif-
ferent atomic gases. We attempted to compare the theoretical
results with Holmes and Weymann’s measurements in Ref. 2
but the comparisons are of doubtful value in view of several
uncertainties.’
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Base Pressure Correlation in
Supersonic Flow
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ASE drag can be a significant fraction of the total drag of

a body flying at supersonic speeds. The estimation of the
base pressure has received a great deal of attention. How-
ever, because of the complicated and coupled nature of the
near wake, no satisfactory correlation parameter for ac-
curately predicting the base pressure for flow with transition
in the wake has yet been found. In this note, a correlation
parameter is identified and proposed, which is derived on the
basis of the reduced Reynolds number in the mixing region.
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Fig. 1 Sketch of base flow field.

In a locally separated region, the usually defined Reynolds
number based on the characteristic length of a body is rather
ambiguous and does not yield a proper physical meaning.
To a base flow (see Fig. 1), one may easily sense that the
characteristic length for such type of flow is the total mixing
shear length ., and the mixing width A, at near the recom-
pression region. An attempt was made to correlate the base
pressure to these two lengths. A very encouraging base
pressure correlation was obtained. The only difficulty is that
the 1., and the A,, lengths are not known a priori. Therefore,
one must find a way to relate these two lengths to the known
body lengths; namely, the model length upstream of a two-
dimensional rearward facing step L and the step height H.
Physically, the length L is related to the boundary-layer thick-
ness § prior to separation which will influence the mixing
width A, and the step height H which is related to the mixing
shear length [,,.

The ratio of inertia to viscous forces in the mixing shear
layer, or the physically correct reduced Reynolds number
Re, in this region, may be expressed as,

Rec = pwUm<Um/lm)/#w(Uw/Am2) =
(PU b/ b} (Bu/lm)? (1)

where 1., and A,, are taken as the characteristic dimensions of
the mixing region as discussed. The estimation of I, and
A is often difficult. If one assumes that

In ~H @)

1.\* H\rRew.2,M )
~() ~(3) ®)

where the exponent » is a function of freestream Reynolds
number based on L and the freestream Mach number M.
The exponent n may depend strongly on whether the mixing
shear layer is laminar, transitional or turbulent, Based on
(2) and (2a), the reduced Reynolds number Re, of Eq. (1)
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Fig. 2 Base pressure correlation for rearward facing step.



